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Abstract 

Let N be a point of an orbit closure Om in a module variety such 
that its orbit On has codimension two in Om- We show that under 
some additional conditions the pointed variety (Om,N) is smoothly 
equivalent to a cone over a rational normal curve. 



1 Introduction and the main results 

Throughout the paper, k denotes an algebraically closed field, A denotes a 
finitely generated associative fc-algebra with identity, and by a module we 
mean a left A-module whose underlying vector space is finite dimensional. 
Let d be a positive integer and denote by M(d) the algebra of d x d-matrices 
with coefficients in k. The set moduli) of algebra homomorphisms A — > M.(d) 
has a natural structure of an affine variety. Indeed, if A ~ k(X±, . . . , X t ) / 1 for 
some two-sided ideal /, then mod A_{d) can be identified with the closed subset 
of (M(<i))' given by vanishing of the entries of all matrices p(X±, . . . , X t ), p G 
I. Moreover, the general linear group GL(d) acts on mody^oQ by conjugations 

9 * (Mi_, M t ) = {gM 1 g- 1 ,...,gM t g- 1 ), 

and the GL((i)-orbits in mod^((i) correspond bijectively to the isomorphism 
classes of d-dimensional modules. We shall denote by Om the GL(<i)-orbit 
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in mocU(cO corresponding to a ci-dimensional module M. An interesting 
problem is to study geometric properties of the Zariski closure Om of an 
orbit O m in mod A (d). We refer to 0, 0, 0, 0, P2j, PH and [Hj for some 
results in this direction. 

Following Hesselink (see [01 (1-7)]) we call two pointed varieties (X,Xq) 
and (y,yo) smoothly equivalent if there are smooth morphisms / : Z — > X, 
g : Z — > y and a point ;z G 2 with /(zo) = x and <7(zo) — Vo- This 
is an equivalence relation and the equivalence classes will be denoted by 
Sing(A', Xq) and called the types of singularities. Obviously the regular points 
of the varieties form one type of singularity, which we denote by Reg. Let 
M and N be d-dimensional modules such that N is a degeneration of M, 
i.e., On Q Om- We shall write Sing(M, N) for Sing((9 A /, n), where n is 
an arbitrary point of On- By Thm.1.1], Sing(M, N) = Reg provided 
dim Om — dim On = 1- 

Assume now that dimCV — dimOTv = 2. It was shown recently (14, 
Thm.1.3]) that Sing(M, N) = Reg provided A is the path algebra of a Dynkin 
quiver. However, other types of singularities occur if A is the path algebra of 
the Kronecker quiver (see for instance, the type of an isolated singularity 
of the surface 

C r = Uxo, . . . ,x r ) G k r+1 ; XiXj = xix m if i + j — I + m} , r > 1. 

The surface C r is the affine cone over the rational normal curve (or Veronese 
curve) of degree r (see [H] for an introduction to rational normal curves). Ob- 
viously Sing(C r , 0) = Reg if and only if r = 1. The main theorem of the paper 
shows that the above types of singularities occur quite frequently for orbit 
closures in module varieties. From now on, we abbreviate dim^ Hom^f/, V) 
by [U, V] for any modules U and V. 

Theorem 1.1. Let M and N be modules such that dim Om — dim On = 2, 

On Q Om and N = U © V for some modules U and V satisfying 

[U, M] = [U, N] and [M, V] = [iV, V] . 
Then Sing(M, N) = Sing(C r , 0) for some r > 1. 

As an application of this theorem we get the following result about pre- 
projective modules (see Section [7| for the definition). 

Theorem 1.2. Assume that the algebra A is finite dimensional. Let M and 
N be preprojective modules such that On ^ Om and dimC^/ — dimC^ = 2. 
Then Sing(M, N) = Sing(C r , 0) for some r > 1. 
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One says that a module N is a minimal degeneration of a module M 
provided On £ Ou but there is no module L with On £1 0£ £ (9 m- 
Moreover, two modules are called disjoint if they have no nonzero direct 
summand in common. Combining the main results in 0j, [Jj and with 
Theorem II .2\ we get the following consequence. 

Corollary 1.3. Let A be the path algebra of an extended Dynkin quiver. Let 
M and N be two disjoint preprojective modules such that N is a minimal 
degeneration of M. Then Sing(M, N) = Sing(C r , 0) for some integer r > 1. 

We consider in Section El some properties of short exact sequences, dimen- 
sions of homomorphism spaces and degenerations of modules. Sections El El 
and El contain preliminary results necessary to prove Proposition 15. 141 which 
plays a central role in the paper. Sections El and [7| are devoted to the proofs 
of Theorems 11.11 and 11.21 respectively. In Section |H] we give an application of 
Theorem 11.11 different from the one described in Theorem 11.21 

For a basic background on the representation theory of algebras and quiv- 
ers we refer to and JU] ■ The author gratefully acknowledges support from 
the Polish Scientific Grant KBN No. 1 P03A 018 27. 

2 Degenerations and extensions of modules 

Let W be a vector space. We denote by FW the projective space of one- 
dimensional subspaces in W. Thus we have the quotient map 

vr : W \ {0} -> FW, w^k-w, 

of W \ {0} by k* acting by scalar multiplication. Moreover, we denote by FS 
the image n(S \ {0}) for any fc*-invariant subset S of W. 

Throughout the paper, we consider short exact sequences of modules 

a: O^U^M^V^O, (2.1) 

where U, M and V are modules, / is an A-module monomorphism, g is an A- 
module epimorphism and Im(/) = Ker(g). Any such sequence a determines 
an element of Ext\(V, U) denoted by [a], such that [a] = if and only if the 
sequence a splits, and [a] = [r] for another short exact sequence 

r: -*U ^0 
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if and only if there is an ^-isomorphism h : M 
diagram commutative: 



W making the following 




We denote by £m(V, U) the subset of Ext^(V, U) consisting of all elements 
[a], such that the middle term of the exact sequence a is isomorphic to M. 

Lemma 2.1. £m(V,U) is a locally closed k* -invariant subset of the vector 
space Ext A (V, U). 

Proof. We use here an interpretation of the vector space Ext^(V, U) as the 
quotient of the vector space Z\(V,U) of cocycles, i.e., the fc-linear maps 
Z : A — > Homfc(V, U) satisfying 

Z{ao!) = Z{a)V{a!) + U(a)Z(a'), for all a, a' e A, 

by the subspace of coboundaries 

B\(V, XT) = {hV -Uh; he Eom k (V, U)}. 

Let d = dim.k(U © V). We take a subspace W of 1*\(V, U) complementary 
to M\(V,U). Then the subset W of mod^d) consisting of the algebra ho- 

\U Z] 



momorphism of the block form 



V 



where Z G W, is closed. Hence the 



claim follows from the fact that £m{V,U) is isomorphic to the intersection 

W n M . □ 

The short exact sequence (|2.1|) induces two long exact sequences of vector 
spaces 

- Hom A (y,X) H ° mA(g ' X) ; Hom A (M,X) ^l^l Bom A {U,X) ^ 

^ Ext\(V,X) Ext^(M,X) Ext\(U,X), 



- Hom A (X, U) v™*™. Hom^X, M) Hom A (X, V) ^ 

^ Ext\(X, U) Ext\(X, M) Ext\(X, V), 
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for any module X. Here, 

d(h) = Ext\(V, h)([a]) 



and 



d > (h') = Ext 1 A (h',U)([a}) 



for any homomorphisms h : U —>■ X and h! : X — > V. These induced exact 
sequences suggest us to define the following two non-negative integers 

S a {X) = [U@V,X}- [M, X] = dim fc lm{d) > 0, 
5' a (X) = [X,U®V\- [X, M] = dim fc Im(d') > 0. 

Observe that the sequence a splits if and only if 

M ~ U © V 5 a (U) = <^(F) = 

(see [U Lem.2.3]). Taking the pushout of a under h leads to the following 
commutative diagram with exact rows: 



a : 



a' 



i . 




Then [a'] = Ext\(V,h)([a)) = d(h). Moreover, the short sequence 

(f) r _ fl) 
r: -> U ^> M®X ^-U W -> 

is exact and 

= ^(r) + 5 r (r), ^(y) = + 5' t (y), 

for any module Y\ In particular, we obtain the following fact. 

Corollary 2.2. Let a 1 be a pushout of a short exact sequence a. Then 
5 a ,{Y) < 5 a (Y) and 8' a ,{Y) < S' a (Y) for any module Y. 

We shall need the following technical result. 

Lemma 2.3. Let a : 0— > U ®Y l — > W ^> V ^ be a short exact sequence 
such that 5<t(Y) < i. Then W is isomorphic to W © Y and there is a short 
exact sequence 

a' : -> U © Y 1 - 1 -> W -> V -> 
/or some module W. Moreover, 5 a >(X) = 5 a (X) for any module X . 
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Proof. We consider the exact sequence 

-> Hom A (V; Y) -> Hom A (W; F) HomA(/ ' y) ) Hom A ([7 © y\ y) 

induced by a. Let W be the i-dimensional subspace of Hom A ({7 © Y\Y) 
spanned by % canonical projections. Since the codimension of the image of 
Hom A (/, y) in B.om A (U @Y l , Y) equals S a (Y) < dim fc TC, the image contains 
a nonzero element h E 7i. Thus h factors through /. We decompose 

/ = (/o, A, • • • , A) and = (0, Ai ■ ly, • • • , Ai • ly) ^ 0. 

Then Aj 7^ and consequently fj is a section, for some j G {1, . . . The 
remaining part of the proof is now straightforward (for instance, use a dual 
version of ^3 Lem.2.4]). □ 

The next result ([D]) gives a characterization of degenerations of modules. 

Theorem 2.4. Le£ M and N be modules. Then the inclusion On Q Om is 
equivalent to each of the following conditions: 

(1) There is a short exact sequence 0^Z^ZQ)M^N^0 for some 
module Z. 

(2) There is a short exact sequence 0—>N-^MQ)Z'^Z'^0 for some 
module Z' . 

We shall need the following two well known direct consequences. 

Corollary 2.5. Let o : 0— > U — > M — > V — > be a short exact sequence. 
Then Ou®v Q Om- 

Proof. We apply Theorem 12.41 to a direct sum of a and the short exact 
sequence — > — > U U — > 0. □ 

Corollary 2.6. Let M and N be modules such that On Q Om- Then 

[M, Y] < [N, Y] and [Y, M] < [Y, N] 

for any module Y . 

Proof. Observe that 

5 a (Y) = [N, Y] - [M, Y] and 5' a {Y) = [Y, N] - [Y, M] 

for any short exact sequence a of the form 0^Z—>-Z(BM^N^0. □ 
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3 Generic quotients 

Throughout the section, U, M and V are modules such that there is a short 
exact sequence 

a: O^U -> M -> V -> 

with ^(y) = 0. Let d = dim k V and Q(U,M) be the subset of mod^d) 
consisting of all points corresponding to quotients of M by U . Obviously, the 
set Q(U, M) is GL((i)-invariant. Moreover, it is constructible and irreducible, 
by P 2.3]. 



Lemma 3.1. The orbit Oy is an open subset of Q(U, M) . 



Proof. Let A be the closed subset of Q(U,M) x Honifc(/c d , V) consisting of 
all pairs (V',h) such that h belongs to HouufV', V). Then the projection 
7r : A — > Q{U, M) is a surjective regular morphism. We know that U @V 
belongs to Om for any V G Q(U,M), by Corollary 12.51 Hence the same 
holds for arbitrary V G Q(U,M). Consequently, 

\U © V, V] > [M, V] = [U@ V, V] and [V, V] > [V, V], 

by Corollary 12 . 61 and since S a (V) = 0. We consider the closed subset A' of A 
consisting of the pairs (V, h) such that h is not invertible. Observe that 



dim(7rU0 _1 (^' 



[V, V) - 1, if V ~ V, 
[V',V], ifV'^V. 



Hence (7r|^) 1 {Oy) is an open subset of A'. Applying the inverse image of 
the section 

Q(U, M) -> A', V'^(V',0), 
we get that Oy is an open subset of Q(U, M). □ 

Let Sy(U,M) denote the set of all A-monomorphisms /:[/—> M with 
Coker(/) ~ V. 

Lemma 3.2. Sy(U,M) is an open subset o/Hom^(?7, M). 

Proof. We use a construction described in 2.1]. Let Q be the subset of 
RomA(U, M) x Homfc(fc d ,M) consisting of pairs g = (gi,<?2) such that the 
map g : U ®k d — ► M is invertible. Then the projection n : Q — > Hom J 4(?7, M) 
is a composition of an open immersion followed by a trivial vector bundle. 
Moreover, if g G Q then g^ 1 -k M has a block form 

U Z 
V 
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where V belongs to the set Q(U,M). This leads to a regular morphism of 
varieties 

9 : Q -> Q(U,M), g i-> V'. 

Then # _1 (CV) is open in by Lemma f3.1[ Since the map 7r is open, the set 
S V (U, M) = -k{0-\O v )) is open in Hom A ([7, M). □ 



4 Monomorphisms and extensions 

Throughout the section, U, M and V are modules such that there is a short 
exact sequence 



a: O^U 
with 8 a {V) = and 5' a {V) = 1. 



Lemma 4.1. Lei r: —>■ U — ► W — ► V — > 6e a nonsplittable short exact 
sequences such that f factors through f (equivalently, the pushout ofr under 
f is a splittable sequence). Then W ~ M and the equality k - [r] = A; ■ [a] 
holds m FExt\(V,U). 

Proof. Since / factors through /', we get the following commutative diagram 



/ 



M ^ V -> 




r : 



a : 

We consider the long exact sequence 

-> Hom A (V, [/) -> Hom^V, M) -> Hom A (V, V) ^ Ext\(V, U) 

induced by a. Then d{\y) = [a] and d(h) = [t]. Now the claim follows from 
the equalities 1 = S' a (V) = dim fc Im(<9) and since [a] ^ ^ [r]. □ 

The above lemma shows the existence of a unique surjective map 
,M,y • 5 v (tf,M)-P£ M (V;t7), 
such that £u,M,v(f) = ^ ' t "'] f° r am/ short exact sequence of the form 

a' : O^U^M^V^O. 
Lemma 4.2. £umv is a regular morphism of varieties. 
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Proof. Let d = dim^ V. We introduce three new varieties and four regular 
morphisms: 




S V (U,M) B V£m(V,U). 

Here A is the subset of Sy{U,M) x Hom^A^, M) consisting of all pairs 
9 — {91192) such that the map g : U © k d — > M is invertible; £> is the 
subset of consisting of all elements having a block form 

~U Z~ 

w 

with W G CV; an d C is the subset of B x Hom fc (V, A; ') consisting of all pairs 
([ () iy] > ^) suc h that h is an isomorphism in Horrid (V, W). Moreover, a and 
(3 are obvious projections, and <p(g) = g^ 1 * M. If c = ([ q ^] , /i) belongs to 
C, then 

"lc/ 
h- 1 

where Zh belongs to Z\{V, £7) \ B\(V, U). We define ^(c) as the image of 
Zh via the following composition of canonical quotients 

Z\(V, U) \ M\(V, U) -> Exti(V, C/) \ {0} - PEbrt^V, [/). 

One can find that a and (3 are surjective maps being compositions of open 
immersions followed by vector bundles (see for instance jSJ 2.1]). Hence a and 
(3 have enough local sections, i.e., there are open neighbourhoods U of s and 

V of 6 together with regular morphisms (sections) a' : U — > A, f3' : V — > C 
such that aa' = lu and (3(3' = ly, for any s G Sv(U, M) and 6 G £>. 

We take s G Sv(U, M) and consider a local section a' : U — > A of a with 
W containing s. Let a = a'{s) and b = ip{a). We take also a neighbourhood 

V of b and a local section (3' : V — > C of (3. Then ZY' = {fa') _1 (V) is an open 
neighbourhood of s and it follows from our constructions that £u,M,v( s ') — 
ip(3'tpa'{s') for any s' G W . Therefore £u,M,v\w is a regular morphism. □ 

The set Sy{U,M) is irreducible, by Lemma EOl Applying the surjective 
morphism £u,M,v we get the following consequence. 

Corollary 4.3. P£m-(V, LQ an irreducible variety. 





u 


z 




u 









w 







V 



e Cm, 
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5 Extensions and rational normal curves 

Throughout the section, 

is a short exact sequence such that 

ME/i) = l, 5 <Tl (V) = and 6' ai (V) = l. 



Our aim is to prove that ¥Su 1 (V, Uq) is a rational normal curve contained in 
¥Ext\(V,U ). 

We consider the exact sequence 



-> Homi(y, C/i 



Hornx^, I/O H ° mA(/l ' C/l) : Hom A (f/ , ^ 



induced by cr 1 . Since <5 CT1 (£/i) > then there is an A-homomorphism gi : Uq — > 
t/i not belonging to the image of Hom^/i, Ui). We construct successive 
pushouts to obtain the following commutative diagram with exact rows 



0"! 



(T 2 



0"3 




(5.1) 



Applying Corollary 12.21 we get the following fact. 
Corollary 5.1. S ai (V) = and < 1 for any i > 1. 

Lemma 5.2. There is a short exact sequence 

-f £/ -> C/i -> V* -> 

/or any i > 1 . 

Proof. We proceed by induction on z. Assume that there is a short exact 
sequence 

-> E/„ A £/< ^ _> o 
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for some i > 1. Taking the pushout of <jj + i under h! we obtain the following 
commutative diagram with exact rows and columns 







U 







Un 



f 



0~i+l 



t : 



hi 



o — *-v* 



w 



v — -0. 





Thus it suffices to show that W is isomorphic to V l+1 . Applying Corollar- 
ies O and O we get 5 T (V) < 5 Ci+x {V) = 0. Hence S T (y*) = 0. Therefore 
the short exact sequence r splits and W is isomorphic to V 1 © V. □ 

Lemma 5.3. The short exact sequence splits for some i. 

Proof. Let i be an integer not smaller than j = dim^ Fxb A (V, Uq). We get 
from Lemma [5.21 a short exact sequence of the form 

r : -> U -> Ui -> V* -> 0. 

It follows from the long exact sequence 

-> Hom A (V, U ) -> Hom A (V, [/,) -> Hom A (V, 0) -> Ext^(V, C/ ) 

induced by r that 5£(V) < j. Applying (i — j) times a dual version of 
Lemma f2. 31 for the sequence r we get that Ui ~ V^ 1- - 7 © t/j for some module 
Ui of dimension 

d = dini/j Uq + j ■ dim k V. 
Hence the sequence <Tj + i has the form 

-> © ^ -> © t^+i -> V -> 0. 

We know that (X^) = 0, by Corollary 15.11 Then applying (z — j) times 
Lemma 12.31 we get an exact sequence of the form 

-> E/< -> © 1/ -> V -> 0. 
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Thus Ofj. C Oq. i? by Theorem 12.41 Obviously the chain of inclusions 

Uj — Uj + 1 — Uj+2 — 

between orbit closures in mocU(<i) must terminate, i.e., = for some 

I > j. Hence U[ is isomorphic to Ui + i and the sequence <T/ + i splits. □ 

By our assumptions the sequence o\ does not split. Moreover, the same 
holds for cr 2 , by our choice of g\. Let n > 1 be the smallest integer such that 
the sequence a n+2 splits. As a direct consequence of Corollary 15. II we get the 
following fact. 

Corollary 5.4. 8 ai (V) = and S' a .{V) = 1 for i G {1, 2, . . . , n + 1}. 

Let i G {1,2, ... ,n}. Since the sequence <7j + i does not split, gi does 
not factor through the monomorphism fi. Consequently, the subspace Tii of 
Homyi(f/j, Ui + \) spanned by fi and gi has dimension 2. The bilinear map 

^ : Ext^V, Z7i_i) x Hom A ([/ i _ 1) £/<) -> Ext^V, E/<), 

defined by Fj(e, /) = Ext\(V, /)(e), induces a linear map 

F/ : Ext\(V, t^_i) -> Kom k (Hi, Ext\(V, £/*)), 

such that (F/(e)) (/) = F(e, /) = Ext^V, /)(e). 

Lemma 5.5. The linear map F( is injective for i < n. 

Proof. Let a : — > L^_i — > W V — > be a short exact sequence such 
that F/([cr]) = 0. Then the pushout of a under fi splits, and consequently, 
[a] = c- [<Tj] for some scalar c G k, by Lemma f4. II and Corollary 15.41 We also 
know that the pushout of a under gi splits, which means that 

= Ext\(V, g t )([a}) = c ■ Ext\{V, ft )(N) = c-[<r i+1 ]. 

By our construction, [er i+1 ] 7^ 0. Thus c = and [a] =0. □ 

Let W and W 7 ' be two vector spaces. If at least one of them is finite 
dimensional then the monomorphism 

F : W* ® fc W — > Hom fc (W, W"), ^(f ® OH = £M ' «A 

is an isomorphism. Here W* denotes the dual space of W. Thus F[ induces 
an injective linear map 

F'i : Ext\(V, U^) -> ® Ext^(V, ^) 

for z G {1, . . . , n}. Combining these maps we get an injective linear map 

F" : Ext^V, U Q )^Hl®H* 2 ®---®H* n ® Ext^V, U n ). 
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Lemma 5.6. rk(F 1 '(e)) = 1 for any e G S Vl (V, U ) \ {0}. 

Proof. We know that ik(F[(e)) > 1, by Lemma 15.51 Assume now that e 
belongs to S^iV, Uq). It suffices to show that rk(F[(e)) < 1, as the function 
rk(F 1 '(— )) : Ext\(V,Uo) — > 7L is semicontinuous. We take a short exact 
sequence 

such that [a] = e. Since S a (Ui) = 1, the kernel of the last map d = 
Ext A (V, — )([<x]) in the long exact sequence 

-> Horn^V, C7i) -> Hom A (C/i, L7i) -> Hom A ([/ , £/i) ^ Ext\(V, C7i) 

induced by a has codimension 1. We know that dim Tii = 2 and therefore 
there is a nonzero homomorphism ft G 7ii such that 

= d(h)=Ext 1 A (V,h)([a)) = F{([a))(h). 
Consequently, F[(e) is not injective and xk(F[(e)) < 1. □ 
If e G £[/ 1 (V, Z7o) \ {0} then Ker(F 1 '(e)) has dimension 1. Moreover, 
Ker(F 1 '(A • e)) = Ker(A • F[{e)) = Ker(F 1 '(e)) 
for any nonzero scalar A G k. Thus we obtain a regular morphism 
tpt : FSu^Uq) -> PWi, <£>i(A; ■ e) = Ker(i^(e)). 

Let = D Sv(Uq, Ui). It is an open, dense and fc*-invariant subset 
of Hi, by Lemma E21 We can consider a regular map 

(p x : FHt - P^(y, C/ ), • ft) = ^oA.vW- 

Lemma 5.7. <^x ° <£>i(& ■ h) = k ■ h for any ft G 
Proof. Let ft G 7^*. Then there is a short exact sequence of the form 

a: -> £/q ^i -> V" -> 0. 

Obviously, (p\{k-K) = k- [a]. Since the pushout of a under ft splits, ft belongs 
to the kernel of i^'Qcr]). But the kernel has dimension 1 and therefore 

k ■ ft = Ker(Fi([<7])) = ^(fc • [a]) = ^(^(A: • ft)). 

□ 
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Lemma 5.8. ip 1 1 (k ■ h) = {<fi(k ■ h)} for any h G Ti.^. 

Proof. Since h G Sv(Uq, Ui), there is a short exact sequence of the form 



r : -> C/ ^ Ui -> V -> 0. 



Let a : 



C/q A IV 



V — * be a short exact sequence such that 
[a] G £ui(V, Uq) \ {0} and </?i(A; • [a]) = k ■ h. We have to show that k ■ [a] = 
Cu ,Ui,v(h). Since h belongs to the kernel of F/([cx]), h factors through /'. 
Hence k ■ [a] = k ■ [t] = Cu ,u u v(h), by Lemma HH] and the equalities 



S T (V) = 5 ai (V) = 



and 



s' T (v) = s'(v) = i. 



□ 



Lemma 5.9. The map (p\ : FH.® — > ¥£u 1 (V,Uo) is dominant and the map 
ifii : P£[/ 1 (y, Uq) — > FTii is an isomorphism. 

Proof. Lem ma Ol implie s that <pi(V Hp = ifl l {FH\) is an open subset of 
P£[/ 1 (V, Uq). Moreover, FSu^VjUq) is irreducible, by Corollary 14.31 Hence 
the map (p\ is dominant and tpi is birational. Finally, ipi is an isomorphism 
as it is a projective map and WHi is a smooth curve. □ 

We define inductively subsets £ \ C Ext\( V, £4_i) for i G {1, . . . , n + 1} as 
follows: 

S x = £ Vl {V,U Q ), £ i+1 = Ft (£i xHi). 

We consider the cofinite subset A of k consisting of the scalars A such that 
fi + A • g>i belongs to Sy(Uo, U\), or equivalently to Ti\. If A G A then we 
derive from the diagram (j5.1j) the following commutative diagram with exact 
rows: 

/l+A-gi 







U 



91 



92 



U, 



h+^-92 



/3+A-53 



//:; 



92 

u 2 - 

93 

U 3 - 

94 



V- 



V 







(5.2) 



V 



This implies the following fact. 
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Corollary 5.10. The homomorphism f\ + A ■ g± belongs to «Sy(£4_i, C/j) for 
any A 6 A and i > 1. 

We derive from Corollaries 15.41 and 15.101 a regular map 

rji : A -> P£ i} 7/i(A) = £ui- u Ui,v(fi + A • 

for any z G {1, 2, . . . , n + 1}. 

Lemma 5.11. Let i G {1, 2, . . . , n + 1}. Then: 

(1) The map rji : A — > P£j dominant. 

(2) rk(F/(e)) = 1 provided i < n and e G £j \ {0}. 

Proof. We proceed by induction on z. For i — 1 the claim follows from 
Lemmas 15.61 and 15.91 Assume now that the claim holds for some i < n. By 
(2), we can consider two regular maps 

^ : FSi -> P^+i, ^(A: • e) = Im(i?(e)). 

Moreover, ^ is a surjective map such that 

MViW) = %+i(A), AG A, 

by the diagram (|5.2j) . Thus r/j +1 is a dominant map. Assume now that i < n. 
Observe that 

£? +1 = {e G E i+l \ {0}; fc • e G Im(r/ i+1 )} 

is a dense subset of Hence by Lemma 1531 it suffices to show that 

rk(F/ +1 (e)) < 1 for any e G Sf +l . Let e G Then there is a short exact 

sequence of the form 

r : -»• C/j > C/ i+1 -> 1/ -> 

with [r] = e, for some A G A. Consequently F/ +1 (e)(/j + i + A • Qi+x) = and 
Fl +l (e) is not an injective map. Thus rk(F/ +1 (e)) < dim fc 7ij +1 = 2. □ 

We get from the above proof the following regular maps: 
m FE 2 ■ ■ ■ -^i VS n -5^ P£„+i 



VI 



V2 



PWi PH 2 PH„. 
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Lemma 5.12. The map fa = (fiip^i . . . : P£i — ► FHi is an isomorphism 
for i G {1,2,.. . ,n}. 

Proof. We consider the map r\ = fa o y?" 1 : WH\ — > P7ij between projective 
lines. It follows from the diagram (|5.2jl that 77(£; • (/i + Api)) = k • (/» + A#j) 
for any A G A. Hence 77 and 77^1 = /ii are isomorphisms of varieties. □ 

Lemma 5.13. P£„+i = • [er n +i]- 

Proof. Since the sequence cr n+2 splits, the homomorphism g n+ i factors through 
fn+i- By Lemma 15.11( 1) applied for % = n + 1, it suffices to show that 
£u n ,u n+1 ,v(fn+i + Ac? n+ i) = k ■ [<T n +i] for any A G A. The latter is true by 
Lemma HIU Corollary 15.41 and since f n+ i + Xg n +i factors through f n +i- □ 

Now we can prove the main result of the section. 



Proposition 5.14. P^ 1 (V, Uq) is a rational normal curve of degree n. 



Proof. We consider the image of ¥Si = Pi^fV, Uq) via the linear map 

FF" : PExt^(V, U ) -+ P (H\ ® H* 2 ® . . . ® K ® Ext^V, [/„)) . 

We know that £ n+ i is a linear subspace of dimension 1, by Lemma 15.131 
Observe that 

¥F"(¥£ X ) C P (ft* ®H* 2 ® . . . ®H* n ® S n+1 ) 

and the latter space is canonically isomorphic to P (H{ <S> H\ <g> . . . (g> ft*J- 
Moreover, the induced map 

.F : P£x -+ P (ft* ® H* % ® . . . ® K) 

is the composition of 

Pf ! (Ml,At2 '-' M " )T > PH 1 xW 2 x...x Pft n 
followed by the canonical isomorphism 

Pfti x Pft 2 x ... x Pft„ -> Pft* x Pft*. x . . . x PK 
and the Segre embedding 

pft* x Pft; x ... x pft; p (hi ® ® • • • ® K) ■ 

Since the maps fa are isomorphisms, then in appropriate bases T has the 
form 

Thus J-{¥£\) is the rational normal curve of degree n (see for instance [HI 
Ex. 1.14]) and the same holds for P£ x . □ 
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6 Proof of Theorem 11.11 



Applying Thm.5] we get that there is a short exact sequence 

a: ->U -> M -^V ^0 

and Sing(M, N) = Smg(£ M (V,U), 0). The assumption dim M -dim O n = 2 
means that 

2 = [N, N] - [M, M] = S a (M) + S' a (N) = 8 a (M) + S' a (V). 

If 5 a (M) = then Sing(M, A) = Reg = Sing(&,0), by [H Cor.3.7]. Thus 
we may assume that 5o-(Af) > 1. We know that S' a (V) > 1, as the sequence 
cr does not split. Altogether, we get that 5 a (M) = S' a (V) = 1. Hence the 
claim follows from Proposition 15.141 □ 

7 Proof of Theorem 11.21 

Let (Ta, ta) denote the Auslander-Reiten quiver of the algebra A (see (THj 
for details). We may identify the set of vertices of Ta with the corresponding 
indecomposable modules. A connected component C of Ta is called prepro- 
jective if it has no cyclic paths and any r^-orbit in C contains a projective 
module (see [TU]). Moreover, a module is said to be preprojective if it is 
isomorphic to a direct sum of modules from preprojective components. 

Let M and be preprojective modules such that dim Cm — dim0Ar = 2 
and On Q Om- By |14[ Thm.1.1], we may assume that the modules M and 
N are disjoint. Moreover we may assume that A is a direct sum of at most 
two indecomposable modules, by [HJ Thm.1.2]. Repeating the proof of [14, 
Lem.6.3], we get that there are indecomposable direct summands U and V 
of A such that 

[M, U] < [A, U], [U, M] = [U, A] and [M, V] = [A, V], [V, M] < [V, A]. 

Therefore A is isomorphic to U © V and the claim follows from Theorem 11.11 

□ 

8 Example 

Let n > 3 and A be the path algebra of the quiver 



ui v 2 ■■■ v. 



Q : 
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with (n + 1) vertices and n arrows. We may replace modules by representa- 
tions of the quiver Q, applying a Morita equivalence and [I]. 

Let (ai : 61), (02 : b 2 ), . . . , (a n : b n ) be pairwise different points of P 1 . We 
define four representations of Q: 



U : 



M : 




Then Sy(U, M) ~ {(a, b) G k 2 ; a,jb 7^ &j<2 for i = 1, 2, ... , n}. In particular, 
On Q Om, by Corollary 12.51 Since the representation U is projective and 
the representation V is injective, then 

[U, M] = [M, V} = 2 and [U, U] = [U, V] = [V,V} = 1. 

Moreover, direct matrix calculations show that [V,U] = and [M, M] = 1. 
Hence 

[U, M] = [U, N], [M, V] = [N, V), [N, N] - [M, M] = 2, 

and we can apply Theorem 11.11 In fact, one can show that Sing(M, N) 
is the type of singularity of a cone over a rational normal curve of degree 
(n — 2). Observe that the representation V is not preprojective (and U is 
not preinjective) provided n > 4. 
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